Abstract. We show that a tilting module over the endomorphism algebra of a cluster-tilting object in a 2-Calabi-Yau triangulated category lifts to a clustertilting object in this 2-Calabi-Yau triangulated category. This generalizes a recent work of D. Smith for cluster categories.
Introduction
Let k be an algebraically closed field and H be a finite-dimensional hereditary algebra. The associated cluster category C H was introduced and studied in [4] , and also in [6] for algebras H of Dynkin type A n . This is a certain triangulated category [14] which was invented in order to model some ingredients in the definition of cluster algebras introduced and studied by Fomin-Zelevinsky and BerensteinFomin-Zelevinsky in a series of articles [8, 9, 1, 10] . For this purpose, a tilting theory was developed in the cluster category. This further led to the theory of cluster-tilted algebras initiated in [5] .
In [11] , C. Geiß, B. Leclerc and J. Schröer have shown that the module category of a preprojective algebra of Dynkin type is connected to cluster algebras in a way similar to the connection between cluster categories and cluster algebras. The preprojective algebra approach is particularly suited for cluster algebras associated to algebraic group, as it is not necessary to start with a finite-dimensional hereditary algebra. Some special modules over a preprojective algebra, treated as clustertilting objects in cluster categories, are called maximal rigid modules.
All these representation-theoretic approaches to cluster algebras are now called "categorifying" cluster algebras: the cluster-tilting objects play the role of clusters and their indecomposable direct summands the one of the cluster variables. Both cluster categories and stable module categories of preprojective algebras of Dynkin type are Calabi-Yau triangulated category of CY-dimension 2. This motivates the study of 2-Calabi-Yau categories in [15, 3, 12] and so on.
At the same time, cluster-tilted algebras have been further developed in many papers by several authors, and revealed to have very nice properties, see for instance [5, 15, 18] . In [18] , D. Smith gave an answer to how to identify tilting modules over cluster-tilted algebras. He showed that a tilting modules over a cluster-tilted algebra can be lifted to a cluster-tilting object in the cluster category.
In this note, we point out that this phenomenon does not depend on cluster category but only on the 2-CY property. Namely, we prove the following Theorem. Let C be a Calabi-Yau triangulated category of CY-dimension 2 with a cluster-tilting object T and let Γ be the endomorphism algebra of T . Let L be a tilting module over Γ, then L lifts to a cluster-tilting object in C.
Acknowledgments. The authors would like to thank David Smith for many useful comments. They are grateful to Bernhard Keller to point out a gap in a previous version of this note. They thank Liangang Peng for helpful discussions. They are grateful to Idun Reiten and Bin Zhu for their interest.
Preliminaries
In this section we review some useful notations and results.
2.1. Tilting modules. Let k be an algebraically closed field and A be a finitedimensional algebra. Let mod A be the category of finite-dimensional right Amodules. For an A-module T , let add T denote the full subcategory of mod A with objects all direct summands of direct sums of copies of T . Then T is called a tilting
This is the original definition of tilting modules from [13] , and it was proved in [2] that the third axiom can be replaced by the following: -the number of indecomposable direct summands of T (up to isomorphism) is the same as the number of simple A-modules.
2.2.
Cluster categories and cluster-tilted algebras. Let H be a hereditary algebra. The cluster category C H is the orbit category D b (H)/τ −1 S, where S denotes the suspension functor and τ is the Auslander-Reiten translation in the bounded derived category D b (H). It is shown in [14] that C H is a triangulated category. In the cluster categories approach to cluster algebras, a central role is played by the following 2-Calabi-Yau property (see [4] 
A cluster-tilted algebra Λ is the endomorphism algebra of a cluster-tilting object T in C H . This means that T has no self-extensions, and any direct sum T ⊕ T ′ with an indecomposable T ′ not occuring as a direct summand of T does have selfextensions (see more in [4] ). By [5] , the functor Hom CH (T, −) induces an equivalence C H / add τ T → mod Λ. Moreover the cluster-tilted algebra Λ has the same number of non-isomorphic indecomposable modules as H.
Recently, D. Smith proved in [18] the following.
Theorem 2.1. Let C H be a cluster category, T be a cluster-tilting object in C H and let Λ = End CH (T ) op be the corresponding cluster-tilted algebra. Then the tilting Λ-modules lift to cluster-tilting objects in C H .
2.3.
Calabi-Yau triangulated categories of CY-dimension 2. Let k be an algebraically closed field and C be a Krull-Schmidt triangulated k-linear category with split idempotents and suspension functor S. We suppose that all Hom-space of C are finite-dimensional and that C admits a Serre functor Σ. We suppose that C is Calabi-Yau of CY-dimension 2, i.e. there is an isomorphism of triangle functors
For X, Y ∈ C and n ∈ Z, we put as usual
Thus the Calabi-Yau property can be writen as the following bifunctorial isomorphisms
This setting holds not only for cluster categories, for stable module categories of preprojective algebras of Dynkin type, but also for certain stable Frobenius subcategory of the category of all finite-dimensional nilpotent representations of preprojective algebras which are not Dynkin type [12] , and also for stable categories of Cohen-Macaulay modules over commutative complete local Gorenstein isolated singularities of dimension 3 (see more in [3] ). Cluster-tilting objects in Calabi-Yau triangulated categories of CY-dimension 2 (or 2-Calabi-Yau triangulated category for short) and the corresponding endomorphism algebras were defined and studied first in [15] . In this note, we suppose that C always admits some cluster-tilting object T , which means -Ext 1 C (T, T ) = 0 and -for any X ∈ C, if Hom C (X, ST ) = 0, then X belongs to add T , the full subcategory formed by the direct factors of finite direct sums of copies of T in C. Note that because of the Calabi-Yau property, the second condition is self dual. And by [4] , this definition of cluster-tilting objects and the definition in section 2.2 coincide for cluster categories. It is known from [15] that for each X ∈ C, there exists a minimal right add T -approximation T X 0 δ − → X and an induced triangle
Sometimes, we call this triangle "minimal approximation triangle" for convenience.
There is an essential result in [15] describing the relationship between 2-CY triangulated categories and the corresponding endomorphism algebra of a clustertilting object, which is the following. Theorem 2.2. Let C be a Calabi-Yau triangulated category of CY-dimension 2 with a cluster-tilting object T and let Γ be the endomorphism algebra of T . Then the functor F = Hom C (T, −) : C → mod Γ induces an equivalence C/ add ST ∼ → mod Γ. Moreover, the functor F induces an equivalence from add T to the category of projective modules in mod Γ.
By [17] , C has Auslander-Reiten triangles and τ C is induced by Σ • S −1 ≃ S. Furthermore the following proposition was also proved in [15] . Moreover, it is showed in [7] that all cluster-tilting objects have the same number of pairwise non-isomorphic indecomposable direct summands.
Proof of the main result
We need some preparation to prove the theorem. First, we have the following well-known Auslander-Reiten formula in module theory. Then we need the following crucial proposition. Proposition 3.2. Let C be a 2-Calabi-Yau triangulated category with a clustertilting object T and let Γ be the endomorphism algebra of T . Let M, N be two objects in C and F M, F N ∈ mod Γ be their images under the functor F = Hom C (T, −) : Proof. We only need to show that the result holds for M, N indecomposable. Since F N is of projective dimension at most 1, using Auslander-Reiten formula (Lemma 3.1) and Proposition 2.3, we have
Therefore, any map in Hom C (M, SN ) factors through add ST . So it suffices to prove that any α : M → SN which factors through add ST equals zero.
be the induced triangle, and let
be the minimal approximation triangle of M . Since α : M → SN factors through add ST , the composition α · p M 0 is zero. Then α factors through b. That is, there exists ξ :
Sξ

| | SN
Applying the functor F = Hom C (T, −) to the triangle
we get the exact sequence in mod Γ
Note that F induces an equivalence between add T and the category of projectives in mod Γ, we have F S − b = 0 in mod Γ for the reason that we are considering the minimal add T -approximation triangle and F M is of projective dimension at most 1. In particular, for any morphism T → S − M , the composition
is zero, i.e. F S − α = 0. Thus, applying the functor F to the triangle
we get an exact sequence
which splits since Ext 1 Γ (F M, F N ) = 0. This means F β is an split epimorphism, by the quotient property, there exists ρ : We can prove our main result now. Theorem 3.3. Let C be a Calabi-Yau triangulated category of CY-dimension 2 with a cluster-tilting object T and let Γ be the endomorphism algebra of T . Let L be a tilting module over Γ, then L lifts to a cluster-tilting object in C.
Proof. Note that F = Hom C (T, −) : C → mod Γ is dense, so the preimage of L, denoted by L + , has no self-extension by Proposition 3.2. Suppose that Y is an indecomposable object of C such that
We need to show that Y is a direct factor of L + . First, we claim that Y can not be a direct factor of ST . If not, suppose that
which implies
Since L is a tilting module, we have an exact sequence
where L 0 and L 1 are direct factors of finite direct sums of L. Note that F T 1 is a projective Γ-module. But applying the functor Hom Γ (F T 1 , −) to the short exact sequence above, one gets
By the Auslander-Reiten formula (Lemma 3.1), it is not hard to check that Ext
+ is a tilting module, this implies that there exists a short exact sequence 
By the octahedral axiom, we have the following commutative diagram.
Applying F to the triangle in the second column, we get an exact sequence in mod Γ 
Thus we rewrite the triangle as Corollary 3.4. Let C be a Calabi-Yau category of CY-dimension 2 with a clustertilting object T and let Γ be the endomorphism algebra of T in C. If L is a tilting Γ-module, then the endomorphism algebra End Γ (L)
op is a quotient of End C (L) op , the endomorphism algebra of L in C.
Proof. It is known that L is actually a cluster-tilting object in C by the Theorem 3.3. Thus the result is deduced by using the equivalence C/ add ST ∼ − → mod Γ.
